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Chatwin (1970) has described the approach to normality of a cloud of solute
which is injected into a pipe containing solvent in steady laminar flow. This
paper is concerned with the modification of Chatwin’s theory when there is a
small density difference between the solvent and the dissolved solute. Asymptotic
series are derived for the induced density currents and for the distribution of
solute in the case when the molecular diffusivity is constant throughout the
pipe’s cross-section. These series lead to the asymptotic forms of the moments
of the distribution, thereby describing some additional deviations from nor-
mality caused by buoyancy effects at large times. The theory predicts that the
additional dispersion due to buoyancy effects’is proportional to the square of
the Rayleigh number and depends on the Péclet number of the flow. There is
excellent agreement between the results and those previously obtained by the
author (1976) from Erdogan & Chatwin’s (1967) model of dispersing buoyant
solutes. The results confirm that Erdogan & Chatwin’s intuitive theory correctly
models the significant features of the situation for large Schmidt numbers.

1. Introduction

This paper is concerned with some further aspects of the dispersion of a buoyant
solute in a straight horizontal pipe of circular cross-section. In part 1, the author
(1976) has presented some calculations based on the earlier analysis of the subject
by Erdogan & Chatwin (1967) and both these references contain comprehensive
introductory remarks.

To describe the analysis of the problem so far, a buoyant contaminant is
injected into a liquid in laminar flow in a straight horizontal pipe, and it subse-
quently spreads out under the action of density currents, molecular diffusion
and axial convection. Erdogan & Chatwin (1967) have derived an equation for
the mean concentration C, replacing the diffusion equation for C which holds
when the contaminant does not cause dynamical effects. In part 1, the author
derived a very rough approximation to C and calculated the asymptotic form
of the second moment of a distribution of buoyant solute, thereby showing that
buoyancy forces at large times have only a small effect on the total dispersion

+ Present address: University of New South Wales, P.O. Box 1, Kensington,
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of solute. The analysis of part 1 is based on Erdogan & Chatwin’s equation for C,
which, in turn, is based on certain physically reasonable (but unjustified) asser-
tions. Clearly it is desirable to justify Erdogan & Chatwin’s results.

The two references cited above give a preliminary understanding of the dis-
persion of buoyant solutes in laminar flow but, as Erdogan & Chatwin remarked,
there remains a need for a more detailed treatment of the underlying time-
dependent problem. This investigation partially fulfils this need by describing
the time-dependent dispersion of a non-passive marker as the asymptotic state
is approached.

The technique used in the following work draws on an investigation by
Chatwin (1970) of the dispersion of a passive marker at large times. Chatwin
showed that a series representation of the form

C = T-109(r, 6, X) + T-2C(r, 0, X) + ... + T-2C™(r, 6, X) + O(T-»-1) (1.1)

is consistent with the concentration equation as — 0o, where the non-dimensional
asymptotic co-ordinates X and 7' are defined by

X = 2(k/ MW2a2)t, T = (Mix/a®)?t. (1.2)
The notation in these equations has been introduced in part 1; that is, z is an
axial co-ordinate in a frame moving at the discharge speed W and a is the radius
of the pipe. At this stage, M may be regarded as a dimensionless constant, whose
value is determined later to express the results in the most convenient form.
For this part, as in part 1, the molecular diffusivity « of the solute is assumed to
be constant and independent of concentration. Chatwin established that, for
a passive marker, the first term in (1.1) was the Gaussian profile originally pre-
dicted by Taylor (1953), and that subsequent terms in (1.1) described the de-
viations from normality at large times. Moreover, Chatwin showed that the
series (1.1) was equivalent to several other representations previously obtained
for distributions of passive solutes.

The situation is substantially more complicated when the solute gives rise to
buoyancy forces. For distributions of buoyant solutes, an asymptotic analysis
must include the effects of small axial, radial and azimuthal density currents.
This problem is therefore governed by six equations, viz. three Navier—Stokes
equations, a concentration equation describing molecular diffusion, and rela-
tions describing the fractional rate of expansion and the dependence of density
upon concentration. A suitable set of model equations is the set (2.1)—(2.6) in
part 1, where, as before, the density depends on concentration according to

p = po(1+aC) (1.3)

and the Boussinesq approximation is used. The formula (1.3) should be valid
provided that the concentration of the solute is small.

The six governing equations are solved for large times in the following work
using asymptotic series to represent the dependent variables C, p, , v and w.
This paper aims to describe how a buoyant cloud of solute injected around
z =z, (say) subsequently disperses under the effects of advection, diffusion and
density currents. Now, for exceedingly large times, it is expected that the solute
would be dispersed to such an extent that buoyancy forces would be negligible.
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This implies that a velocity distribution arbitrarily close to the Poiseuille
profile would be obtained by considering ¢ sufficiently large. Thus one would not
expect finite density currents as {—oco and, moreover, at very large times, the
distribution of solute would be determined (as for a passive marker) by a balance
between longitudinal advection and cross-sectional molecular diffusion. For
this reason, an expansion of the form (1.1) should still be valid for distributions
of buoyant solutes. In this proposed expansion, the first term would remain the
Gaussian term as for a passive marker, and the subsequent terms would now
include the effects of density currents at large times.

The above arguments also suggest that the velocity components need to be
represented by the expansions (valid for large £)

w o~ WO+ Ty 4 T2 4 (1.4)
u~ T D T-294@ (1.5)
v~ T-1pW L T—2p@ 4 | (1.6)

Finally, an expansion for the pressure enables the governing equations to be
solved sequentially by equating the coefficients of T2 to zero (n = 0,1,2,...).
The proposed expansion for p is slightly more complicated than those above and
is deferred until §2. The determination of the coefficients in these series estab-
lishes representations for the dependent variables at large times although no
attempt is made to prove that the theory is asymptotically correct as oo,

There are two principal conclusions which emerge from this study. The first
conclusion is negative in that the dispersion of a buoyant solute cannot be pre-
dicted without the full numerical solution of the governing equations. The diffi-
culty precluding a predictive study is that the expansion (1.1) for the concentra-
tion profile involves a sequence of arbitrary constants whose values cannot be
determined without numerical work. This conclusion reverses that of Chatwin
(1970), who found that, for passive markers, a corresponding sequence of con-
stants could be determined analytically by the asymptotic solution of a linear
equation.

The second conclusion concerns the accuracy of the results derived in part 1.
It is found that there is excellent agreement between the results of parts 1 and 2
provided that the Schmidt number o of the flow is large.} To summarize the
important features of the work, the dispersion induced by buoyancy effects at
large times is relatively small, being only O((—!) as ¢t - co, whereas the dispersion
induced at times when transient effects are significant is O(¢°). The dispersion
induced at large times is proportional to the square of the Rayleigh number R,
and also depends on the Péclet number P of the low.} The dispersion is increased
in flows for which P is small, and decreased in flows with large values of P.
Buoyant and passive markers are found to disperse similarly in flows where P
is near a critical Péclet number P,

The results of part 2 confirm that the equation for C' derived by Erdogan &
Chatwin (1967) is accurate for large Schmidt numbers, even though it was

T These numbers were defined in equation (2.14) of part 1.
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derived from a simplified mathematical model (described in §2 of part 1). This
justifies the assumptions incorporated in Erdogan & Chatwin’s model.

The plan of the paper is as follows. First some necessary preliminary work is
described in §§2 and 3. Series representation of the dependent variables at large
times is shown to be consistent with the non-dimensionalized equations. The
equations for the coefficients in the series are then solved sequentially to give an
approximation to the density currents at large times, and functional forms are
established for the coefficients C™, % > 1, in (1.1). This complicated preparation
enables the most important results of the paper to be derived in §4. Here, the
terms C™, n > 1, are calculated explicitly and used to derive the asymptotic
form of the moments of the distribution. From the representation of the moments,
it is then possible to identify the dispersion which is induced by buoyancy effects
at intermediate and at asymptotically large times (§5).

2. Equations for the dependent variables
If the non-dimensional variables w’, #’, v', " and p” are defined by
w=Ww', wu=va W, v=vaW, r=ar, p=p,Wp’, (2.1)

and the asymptotic co-ordinates X and T are introduced, the system of equations
(2.1)~(2.5) in part 1 becomes (now omitting the dashes on the non-dimensionalized
variables) .

yMT T X X+T*1w§§+g(u%+;g_g_€f)
- 1;225)+;2T 2:X2+”(V2“‘Kz—gzz—z) R(1+aC)cosf,  (2.2)

IMT- A MXT- 2_+T -1 :;IM(“@“L;;%*%‘])
—5—:%+£—2T 33;2 (V2 2222 :)+R(1+a0)sm0 (2.3)

ow ow vow
1 2 —1,, 7% bt
sMT- —FMXT- + T aX+o‘(u +r30)

0
= — T—l a§ +P2 T“2m+avzw (2.4)

oC oC oC o0 voC
1 -1 z ~1 bt i
IMT T IMXT- +T 3X+0(ua+r30)
02C
—2 2
T 3X2+V0 (2.5)
10 10v
-1
T- aX+o‘( 3r(u)+ 30) 0. (2.6)

The parameters P, o and R were introduced in part 1 [equation (2.14)]. In the
above equations, the formula (1.3) has been used to describe the dependence of
density upon concentration, and the Boussinesq approximation has been applied.
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Now it has been argued in §1 that the basic flow reverts to Poiseuille flow for
exceedingly large times when the solute can be regarded as fully dispersed. In
this case, the axial Navier—Stokes equation reduces to the simple form

op 10 ( ow
=l o= r—
¢ 9~ Pror (T 61‘) ’ (2.7)

where G* is a dimensional constant depending on the flow conditions. This
equation gives the leading term in an expansion for p, and it follows that a general
expansion for p using the asymptotic variables X and 7 will be

p ~ GTX+(o[P)*{pOr,0,X)+T1pW(r,0,X)+...} fortlarge. (2.8)
Here @ is a non-dimensional constant related to G* by
G = G*a?[(p,kW).

The multiplying factor (o/P)? is introduced into (2.8) since the appropriate
dimensional scaling factor for those pressure forces which cause density currents
is

po(v[a)? = po WHv[Wa)? = p, W(o|P)?,

and not p, W2 as used in (2.1). If it is assumed that v is constant, the first term
in the expansion (1.4) for w is found to be the Poiseuille profile

w® = 1—2r% (2.9)

when the requirement [see equation (2.27) below]

w® =0 (2.10)
is satisfied.t For (2.10) to hold, @ must satisfy the relation
Glo = —8. (2.11)

The expansion (1.4) for w requires a similar modification to ensure that w is
correctly scaled; that is, write

w ~ WO+ (af P) {T-1w® + T2 4 b (2.12)

where the factor /P has been introduced because the axial density currents
should be scaled by
vla = Wa/P,
and not W asin (2.1).
Equations for the dependent variables are now obtained by substituting the
expansions (1.1), (2.8), (1.5), (1.6) and (2.12) into (2.2)—(2.6) and equating the
coefficients of T to zero. Thus the equations from the 7™ coefficients are

0= —gop®or— Rcos?, (2.13)
o op® .
0= —7—6?'+RSIII0, (214)
oo [ owo
= Z = 2.
0 G+'r Br(r ar)’ (2.16)

1 An overbar denotes the cross-sectional mean.
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and those from the O(T-!) terms are

u® 2 gp®
0= —opP+ o‘(Vzu(l)—F ——;é-a—a-) — RaCO cqs 0, (2.16)
o 2 ou® O
= 2,0 g 29 T Mg
0 4 +0'(V v +r2 0 rﬁ) + RaCWgin 0, (2.17)
(1,40 o\ @1 e,m
0 = V20, (2.19)
10 1 0v@
—— Oy om ) =
G(r 5 (ru )+r 86) 0. (2.20)

The general equations from the coefficients of 7" for » > 2 are
( onrz? .
~iM(n—2) w2 — L M Xu%2 + w0y + B }]1 w Dy g-1-9

j=

nolf . L1 L1 .
4o ,El {u(])u;_”-?) + .r_. v(])u(o""“]) —_ .r_ v(j)v(ﬂ'-J)}
J ==

n) 9 pyny
= —op®™+ —g—z u%2 + G(Vzu(”)—’l:—z - %) —RaC™eos0, (2.21)

-2
—~ M (n— 2) 0D~ U XoE-D + wOED+ ZF weid

j=1

~1
+0o nz {u(:’)v(;'—i) + _1. @D +_1_ u(j)v(n—j)}
Je=1 r r

.y 9 n-2) 2,.(m) 2 gum )
PP+ goRx +o\Vt g — 75 ) T RaOMeind,  (2.22)

=-Z
P

-2
—iM(n—2) wn—2) _ iM Xwg’f—” + w(O)w(X!L—-l) + % n}: w(j)wg:—l—j)
Jj=1

n—1
r j=1 r

o

P

e+ 1—2-5 wqz? +oVi®,  (2.23)

-2
—iM(n—2) 0=~ L M XCZ-D + wOCE-D +% "Z wiC@-1-9
j=1

nl( 1 N\ 1920
+0 % {u(9)0<;'—1)+;-v(7)0(g—”} = 1"3'"2'5(_2—+V20(")’ (2.24)
j=1
T w01 (12 (o, 2. 17 _
PUK +o r@r(ru )+r ) = 0 (2.25)
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Since the terms in each of the asymptotic series are independent, the above
equations are to be solved under the boundary conditions

U =90 =D =0, 1=1,2,...,
a00)or =0, i=1,2,...,

W+ Ww® =0
} at r=1 (2.26)

with the further condition, holding in the frame of reference moving at the
discharge speed,

wh=0, 1=1,2,.... (2.27)
There are two other conditions which must be imposed on the solutions: the

velocity distributions must always be finite and the concentration profile must
be such that

J.J.J. ZrCO% drdfdz < constant, ¢=1,2,..., p=0,1,2,.... (2.28)
whole pipe

This ensures the existence of all the moments of the distribution.

3. The successive representation of the dependent variables

The equations derived in §2 are now solved successively to establish the
asymptotic series for the dependent variables. Only the first two sets of equations
are considered in depth in this section (in §3.1) and routine details of further
calculations for the density currents are suppressed or included in the appendix.
The concentration equation (2.24) is systematically investigated in the last half
of the section (§3.2).

3.1. The velocity components
The first set of equations (2.13)—(2.15) has the solutions

PpNr,0,X) = (— Rfo)r cos 0 + 7 NX), (3.1)
wO(r) = 1 —2¢2, (3.2)

where 7 is a function of X to be determined by applying (2.27) to higher approxi-
mations. In the second set of equations (2.16)-(2.20), the continuity equation
(2.20) is satisfied identically by using a stream funection yy®(r, , X) such that

u® = r 19y Dfof, vV = —oyDfor (3.3)
and which, using (2.26), satisfies the boundary eonditions
YO =gy@for=0 at r=1. (3.4)
With this stream function, p® may be eliminated from (2.16) and (2.17), giving
(1)
oV = Ra ?—g;— sin 6. (3.5)

But since it follows from (2.19) and (2.26) that
CW = faY(X), (3.6)

7 FLM 74
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(3.4) and (3.5) only admit the trivial solution ™ = 0. (The unknown function
SO(X) in (3.6) is determined later by applying a consistency condition to the
equation for C® in the manner of Chatwin 1970.) Also the equation for w® now
takes the form
Vi = P17,
with the solution
w(r, 0, X) = P1nr'QL(r2—1).

The application of (2.27) thus gives a first-order equation for 7 which implies
that the first-order axial velocity perturbation vanishes; i.e.

wW(r,d,X) = 0. (3.7)

These results show that the buoya,nf solute only induces O(T—?) velocities as
t—c0. The discussion of the O(T—1) terms is completed by observing that either
(2.16) or (2.17) implies
PpV(r,0,X) = (—aR[o) CPVrcosd +7V(X), (3.8)
where 70(X) is to be determined in the same manner as 70(X).
The set of equations resulting from O(7T-%) terms may be solved in a similar

way. Since w® = 0, (2.25) admits a stream function ¥® with properties analo-
gous to (3.3) and (3.4) and which satisfies the equation

o0
oV = o R —, Sin 7 - (3.9)
The equation for C® becomes
V20® = w00, (3.10)

with a solution of the form
CO(r, X) = g®(r)dfV[dX +fO(X). (3.11)
Here f®(X) is an unknown function of X which is determined later, and g®(r)

satisfies the equations
(2)
19 (T _6_9_) = 2O,

ror\ or (3.12)

[09®@for],_, =0, ¢® =0.

The equations for ¢, ¥® and «w® may be solved successively to give the repre-
sentations

gO(r) = 2o(— 3r2+6r2—2), (3.13)
. Rdf® | 1
@ = 7 654 Or8—
Y(r, 0, X) — dX sm62304(r 675+ 9r3 — 4r), (3.14)

Pdfw 1
@) Yy = g R 2 T (—_48
w(r, 0, X) ocRo_ X cosG[SPz( r347)

1 1
- (r*— 7 5__ 3
+46080(T(r 10r7 + 30r® — 40r +19r)]. (3.15)

Higher terms in the series for the velocity variables and the pressure may be
found quite readily by systematically solving the equations derived in §2.
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U ~ T2 L P3@ | ~ T2 4 P8 4,

<

u® = k,(r) cos 0 v® = I,(r) sin O
u® = k,(r) cos 0 o8 = [,(r) sin 0
UM = Jy(r) cos O+ k,(r) cos 20
u® = ky(r) +kg(r) cos 0+ k,(r) cos 20
W ~ WO(r) + (¢ P) {T~20® + T30 4.} p ~ GTX +(o|P)2{p® +T-1pD +...}
wo = 1 —2r® P9 = ny(r) cos 6
w® = m,(r) cos 6 PP = n(r) cos 0
w® = my(r) cos O P = my(r) cos 0
W = mg(r) +my(r) cos 0 +mg(r) cos 20 p® = mO(X) +ny(r) cos &

TaBrE 1. The form of the coefficients in the non-dimensional asymptotic series for u, v,
w and p for large ¢. Some further details are given in the appendix.

There is one slight complication since a stream-function approach is no longer
applicable for terms O(7"—"*) when n > 3; the method used to obtain the velocity
variables u®™ and »™ for # > 3 has been described briefly in the appendix. The
terms in the series for u, », w and p have been summarized in table 1 with the
important coefficient functions listed in the appendix. The remaining functions
mentioned in table 1 are not required since it is found that they do not contribute
to the profile C.

3.2. The determination of the coefficients for C

The coefficient C® is given by (3.11) and (3.12) in §3.1. When » = 3, (2.24)

becomes
—1MOD 1M XOP +wOCY — P20 P = V20O, (3.16)

whence a differential equation for CW(X) (or f®(X)) is obtained by demanding
that both sides have the same cross-sectional mean. It follows using (2.26) that
the equation for f® is

2 (1 dzfo fﬂ)
— e — (0)g(2) 1) —
M{P2 wOg }dY2+‘ +f (3.17)

the same equation as was established by Chatwin (1970) for the leading term in
the profile of & passive marker (and consistent with the remarks made in §1).
It is clear immediately that the simplest representation for the distribution will
use a co-ordinate X in which M is chosen to be

M = 2{P~2—wOg@), (3.18)
The previous three equations now give for C®
V20® = {1 0g® — WO} O 42 Of D,
and this equation has the solution
09 = gr) [ + 92 [ R +fOX). (3.19)

Here f® is another (as yet) arbitrary function of X, ¢® is determined by
(3.12) and ¢® satisfies the equations

7-2
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7 or or
[0g®[0r],.y = 0, g® = 0.

@ -
18 (r @) — wOgE 0@,
(3.20)

For n = 4, (2.24) gives an equation for C®:
V20D = — MCO - 1M XCY +wOCP +% % wdCED
i=1
3 ( rach o Lo al L @
40 .21 {u(J)O(r—7)+;v(ﬂ)06—J _ongx, (3.21)
i=

for which, after substitution for the terms on the right-hand side, the condition
for identical cross-sectional means of both sides leads to the equation

[8x+Xf3+2f® = (2/M)wOGf Px x. (3.22)
This enables (3.21) to be written as

@
V20® = {% w® + gu® %‘l]_} TY + {wOg® — 30g® — @ Og@Y fQ
r

+{w0 @ — WO R +wOf R, (3.23)
which has a solution of the form

C9(r, 8, X) = g% fE xx +9%r, 0, X) fR + 9O f B x +92r) fR +FNX),
(3.24)

where g@ and g® are as defined previously and g% and g4 ? are solutions of the
problems

19 (r g 1)) — WO® _ 2@ gD,

ror\ or (3.25)
[og® Vo] = 0, *D =0,
o dg®
Vg2 = — @ 4 oyf® =— |
P dr (3.26)

[2gfor], . = 0, & = 0.

The term g4 3(r, 8, X) f& occurs in (3.24) because of the density currents induced
by the buoyant solute, and f@ is a further unknown function of X.

The analysis of (2.24) may be continued to as high a level of approximation
as desired, and further results are merely recorded below without including the
cumbersome algebraic details. Many of the inhomogeneous terms in the equations
for the fU}(X), j > 3, have been omitted below since they are the zero cross-
sectional means of terms of the form func. () cos . It is found that C® has the
form

C®r, 0, X) = g&D(r) fR x xx + 4%, 0, X) fR x +9%(r, 6, X) fR

+g00) [ R + 94 2(r, 6, X) D +990)f L +92() [ R +1O(X)
(3.27)
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and @, f® and f® satisfy the equations

2 9 ____
[2x+XfP+3f® = 57 wOgEIf P o o x + 5 wOYf P x x, (3.28)

5
o

2 — 22—
[Rx+XfY+4f = ﬂw(o)g(s, U@ xxx+ Wi wOgGIf By v 2+ Wi wOGSf P x x
(3.29)

, 2 — 2 ——
[Ex+XfQ+5f® = Wi w0 lzf(zlf)xxxxx + i w0 Ry v v x
22— 2
+ ﬂ w(o)g(‘l, l)f(}Y) XX + ﬂ w(O)g(32f(4) L ex +— f 1) { (0)9(6, 4) += (w(z)g(‘i, 2) + w(4)g(2))}

gD o oy N 39(4,2) 9g®
@ ((1) I T Z 253 6y 4 __
Mf {w ox TP +”( o TPV g T 37‘)}'

(3.30)

The above analysis of (2.24) is sufficient to determine the contributions of
large-time density currents to the variance and skewness of a buoyant cloud of
solute. The equations for the f¢)(X) are similar to the corresponding equations
derived by Chatwin (1970) for a passive marker and only f® has additional
terms caused by buoyancy effects. Equations defining the coefficient functions
go9(r,0,X), r = 4,s > 2, are given in the appendix, which also contains the form
of these functions where this is significant.

4. The asymptotic form of the concentration profile

The differential equations derived above for the functions f(X), j =1, ..., 5,
are solved in this section. This leads to a formal asymptotic representation for the
concentration profile which can be used to establish the asymptotic behaviour
of the moments of the distribution. The following work uses the Hermite poly-
nomials He, (X) in the expressions for the f(X), these polynomials being
defined by Rodrigues’ formula

He, (X) = (—1)"exp (3 X% d?exp (— :X?)[dX". (4.1)

The equation (3.17) for fO(X) [with the constant M defined by (3.18)] has the
acceptable solution

JOX) = p%9He, (X) exp (-3 X3), (4.2)

in which (2.28) has been used in rejecting another independent solution. From

(3.22), the general solution for f@(X) which does not violate (2.28) is seen to be

(X)) = {f>9He, (X)+ &V Hez (X)}exp(—1X?), (4.3)
1 3
where the second term is a particular solution provided that %%V is defined by
fED = M-150.0,0®, (4.4)

The pattern of the solutions is now clear and the details may be found in
Chatwin’s (1970) paper. To record the results, f® and f® have the forms

fOX) = {f&OHe, (X) + &V He, (X) + f*? Heg (X)}exp (—3X7), (4.5)



102 N. G. Barton

O ~ T-100 L T-20@ 4 4T .,

oW = ULOH B
c® = { ﬁ(z, 0 _ ﬁ(l, N9} H, E + ﬁ(z, VH,E
C® = {f&0_ &0y gL.0g3Y H F 4 {f61— fadge} H, B+ f62HE
0@ = — fu.0gadH F 4 {f40_ f8.0g@) 4 fR,0g@ _ LG H F

+ {IB@-. n_ 13(3. 1 g(a) + IB(2, 1 g(ﬂ)} HSE' + {IB(4. 2) . ﬁ(!!. 2)g(2)} H7E + ﬂ(4,3) HsE’
08 = —fL.0g6 [ F 4 {fL0gh 2 _ fe0ge2} H F— feVghd H E

+ {ﬂ(ﬁ. 0. . ﬂ(4. 0)g(2) +IB(3. O)g(3) — IB(Z’. 0 g4 4 ﬂ(l, O)g(ﬁ, 1)} H4E

+ {ﬂ(ﬁ. n_ IB(L l)g(Z) + IB(S. l)g(s) — ﬂ(ﬂ, 1)g(4v 1)} HeE

+ {60 pa.2g@ 4 &g} H F + {69 — fa.3ge8 H, B

+p%9 HE + !-’f‘ﬁ’

TaBLE 2. The coefficients in the asymptotic series for the concentration; H, and E denote
He,(X) and exp(—4X?) respectively. The constants "9 for » > s > 1 are linear func-
tions of the 49, and the term ¥'? is defined by (4.8). Higher-order coefficients CY,
_7 > 6, are composed similarly of Hermite polynomials and particular solutions ¥®,
j = 6. The above coefficients differ from those found by Chatwin (1970) for a passive
marker by the presence of terms containing the functions g©9(r, 0, X), r > 4, 8 = 2,
and also by the particular solution ¥®, These terms are caused by buoyancy effects at
large times,

F®(X) = {f00 Hey (X) + f4D Hey (X) + f2 He, (X)
+ %9 He, (X)}exp (—31X2), (4.6)
Where the constants 9, r > s > 1, are known linear functions of the g0,
> 1, and are given in Chatwin’s (1970) paper.
The equation for f®(X) reveals the first difference between the series for C
in the cases of buoyant and passive markers. Equation (3.30) has the solution
FOUX) = (B0 He, (X) + SO0 Heq (X) + A5 Hey (X) + 569 Heso (X)

+ A% Heyy (X}exp (~ X3 4y, (47)
where 1 is a particular solution of (3.30) arising through buoyancy effects and
defined by the equation

d? d ® Q0,65+ L (@@ 4 @@
A e +5¢“Ifxxw9’+p(w9’+w9)

axz X

( 0" ag( ag(‘i; 2) 1 39(4; 2) ag(z)
@ (o) z [6) It AR IPY ¢\ I A @ (4.
f { X + O'(u . +T ¥ 20 +u e )} (4.8)

PV X

The preceding results can be combined to give the asymptotic form for C as
shown in table 2

It only remains to determine the £*9 to specify the approach of the cloud of
solute to the asymptotic state. Since the constants @9 are related directly to
the asymptotic form of the moments of the distribution (as shown shortly), it
would suffice to determine a representation for the moments at large times.
Unfortunately, it is found that numerical methods are required to determine
the asymptotic form of the moments of distributions of buoyant markers.

The integral moments of C defined by

= ffj (z—2,)"Cr drd@dz/fff Crdrdfdz
whole pipe whole pipe
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can be determined from (1.1) using the following properties of the Hermite
polynomials:
He,, (X)He, (X)exp(—1X?)dX = (2m)tm!4,,,, (4.9)

- 0O

X™He, (X)exp(—3X?)dX =

-0

@mimi(m—n—1)(m—n-—3)...1[(m—mn)!

0 if m<n or m—n isodd,
{ if m—n iseven. (4.10)

Using these properties, term-by-term integration of (1.1) gives
f f f Crdrdods ~ SPa{(zn)% B0 4 Y T f D dX}, (4.11)
whole pipe j=5 —©

where S denotes the cross-sectional area of the pipe. Now it is shown in §5 that

f " y9dx
is zero and the higher terms
fm YyDdX, j> 5,

in (4.11) should automatically be zero if thé model equations are consistent.
If this is assumed to be so, (4.11) reduces to

f f f Crdrdfdz = SPa(2m)} f(1.9, (4.12)
whole pipe

that is, the constant @9 is proportional to the total amount of solute.
The z co-ordinate z, of the centre of mass of the cloud of solute is given by

2, = fff zCrdrdﬁdz/fff Crdrdfdz
whole pipe whole pipe

~ Pa {ﬁ@,w(zn)ﬂ_ﬁ roi | © ngg)dX}(,B(L")(zn)i)*l, (4.13)

Jj=6 —®©
using the property (see §5)
f_sz,b(g)dX = 0.
This expression implies that the z co-ordinate of the centre of mass is constant,
apart from some small, and possibly zero, terms induced by buoyancy effects at
large times. Now, it is possible (and convenient) to choose the origin of the
moving co-ordinate frame (7, §,z) such that the constant f&% in (4.13) is zero,
that is,
pEO =0

and

z, ~ Pa(po02m)t)-1 3, T2~ XyPdX. (4.14)

j=6 —®
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Using the above results, it is found that the second moment v,(¢) has the
asymptotic form

bt) ~ (Pa)? {TZ +2 ’/;a D (B0 2y T2 " xygax+ O(T—a)} . (4.15)
The first two terms in this expression have the same form as the corresponding
terms found by Chatwin (1970) for a passive marker, although @9 now depends
on buoyancy effects and is to be determined by matching (4.15) with the tran-
sient form of v,(f). The O(T-2) term in (4.15) is caused by density currents at
asymptotically large times and this term is interpreted in §5.

It is now possible to compare the asymptotic expressions for v,(¢) predicted
by the present theory and by Erdogan & Chatwin’s (1967) results. The term
T?in (4.15) is given, from (1.2), by

T? = Mik[a?
and since the constant M defined by (3.18) may be calculated as
= 2/P2+ 4, (4.16)

T? may be approximated by 1,‘/</24a2 for flows in which P is large. (P = Wa/x is
large when the convective speed W is great compared with typical cross-sectional
diffusive speeds.) In these cases, (4.15) predicts
a*W? 2 B9 (Pa)?
vy(t) ~ Six 7=t +2(Pa)? B0 (2m)E pT0

and the similarity between this equation and equation (4.6) of part 1 is obvious.
The main conclusion of part 1 is therefore confirmed by this study; that is, the
dispersion induced by buoyancy effects at transient times (this quantity is now
represented by 2(Pa)? @ 9/f00) 48 of greater order than the dispersion which is
induced at asymptotically large times.

The third moment of a distribution of buoyant solute is found to have the
form

+

T-2 f X2OdX +0(T—9), (4.17)

2 ﬂ (2, 1) ﬂ(4 , 0) 2
vy(t) ~ (Pa)? {GT o ﬂ(l 5+ 0(T )} , (4.18)
where the O(7-2) terms include the contributions to skewness of large-time
buoyancy effects. Again, f49 is to be determined by matching (4.18) with an
intermediate-time representation of v4(¢) and is dependent on transient buoyancy
effects.

It follows from the above analysis that the properties of the moments and the
character of the distribution may be determined from each other. To discuss the
moments, take the Fourier-Laplace transform of the concentration equation
[equation (2.4) in part 1] to obtain

a? oC\ M eC\"™ o C\™
2,201 20t t (o)t == o= .
k?a?Ctt +VeC p (pCtt - )+Pa( c’)z) +cr(u 3r) +r(v 30) , (4.19)

in which the velocity components and r have been non-dimensionalized as in §2,
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a double dagger denotes a Fourier-Laplace transform and €@ is the Fourier
transform of the initial distribution of solute. Since we may substitute

1+ oo ©
Cctt(k,r,0;p) = (5!7—7) f ei"z{f e PtC(z,r,0;t) dt dz
0

-0

o (G [
(277) > (k) f_wz”O*(z,r,ﬁ;p)dz

ne0 7!

= (271)1} mo(f? Ch

for C** and similar expressions for the other terms, the coefficients of (ik)* in
the appropriately modified form of (4.19) would give an equation for the Laplace
transform of the nth moment of the distribution. For passive markers, these
moment equations are linear and have been examined by Aris (1956) and Chatwin
(1970) to obtain asymptotic forms for the moments. This information enabled
Chatwin to determine the unknown constants in the series for C(X, T'). Unfor-
tunately, for buoyant solutes, the moment equations involve transforms of
nonlinear terms and can only be solved numerically. Such a numerical solution
for the constants f*9 is beyond the scope of this paper so this gives the first
conclusion mentioned in §1: the inability of analytical methods to predict the
dispersion of buoyant solutes quantitatively.

5. The dispersion induced by buoyancy effects at large times
The term

—®D

T2 = (Pa)?((2m)} pO-0H-1T~2 f ® X®dX (5.1)
in (4.15) is now calculated to obtain the extra dispersion induced by large-time
buoyancy effects. The computation of the cross-sectional means in (4.8) gives

{ d‘§(2+x + 5] vo = a2, (5.2)

where
2
# = 5 19x (@RIY)
21 1 (1 46242 1
% {_576 x 80P PZO( ) +m(5—7——'6)31056+0( )} (5.3)T
It may be verified from (4.2), (5.2) and (5.3) that

f YyOdX, X:ﬁ“’ dX

—

+ The terms denoted by O(o—1) in this section are merely terms with coefficient o~ or
o2, An asymptotic theory based on the smallness of o~ is not implied, rather that these
terms are negligible in the common cases where & = v/« is large. (For example, o had the
value 2900 in the experiments of Reejhsinghani, Gill & Barduhn (1966) using du Pont’s
Pontamine 6BX dye in distilled water.) The terms denoted by O(o—!) come either from
nonlinear terms in the governing equations or from unimportant terms which are not
uniform axially.
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are both zero, as stated in §4. Another simple calculation then shows that
J. X®dX = _J.w X2 %dX, (5.4)

and the evaluation of this integral using (4.2) and (5.3) finally establishes the
term 729 in (4.15).

Combining the above results, including (4.16) in particular, the time-dependent
theory of part 2 predicts for the asymptotic form of v,(t)

vy(t) ~ t( ;IW+2K) +2(Pa) éa 5 Mtlc (ﬂ(l 02 (aaR)2QF+ Ot~} as t—>oo,
(8.5)

where @F is found to be

1 1 1 2 1 2569 1
*® - - 2 4 l
Q _3\/348+P2(2880) [ 60480 + P 0( )+P (8448+0( ))] (5.6)

In contrast, the expression for v,(t) obtained in part 1 was

vo(t) ~ a;ZV t+constant+ ﬂz aoR?2 Q¥ as t—>oo, (5.7)
with @F defined by
Qr = 3%,’ = (551@)2[ 60480+ P40 1 0(1)]-. (5.8)
The constants M and M* are given by
M =P34k, M*=j]. (5.9)

The expressions (5.5) and (5.7) are similar qualitatively (and quantitatively
for large o and P). For large values of P, both @¥ and Q¥ are positive and both
become negative for P less than a critical Péclet number (which is approximately
the same for both cases if ¢ is large). If the O(c—?) terms in (5.6) are neglected,
@F changes sign at the critical Péclet number

P, ~ 21:12, (5.10)

and in the experiments of Reejhsinghani et af. (1966), this Péclet number corres-
ponds to an approximate mean flow speed of 10-2 cm/s in a tube of 1-5 mm
internal diameter.

Clearly, the expression (5.7) is inaccurate for low values of the Péclet number
since the O(t~!) terms become infinite as P— 0. The omission of the term 2«¢
in (5.7) is not important since, as Erdogan & Chatwin (1967) remarked, it can be
obtained easily by including axial molecular diffusion in a steady asymptotic
theory. The expression (5.5) for vy(¢) as predicted by part 2 is consistent at all
Péclet numbers, including those near zero.

It is now possible to make some comments on the physical assumptions
underlying Erdogan & Chatwin’s (1967) model (see §2 of part 1). The time-
dependent theory presented in part 2 demonstrates that Erdogan & Chatwin’s
arguments are sound provided that the Péclet and Schmidt numbers of the flow
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vo(2)

Fieure 1. A schematic representation of the asymptotic form of v,(f). Curve (1) is
Vo(2) ~ t(a*W2[24K + 2«) + C;— vt and is the asymptote of v,(f) for P, < F.. Line (2) is
vy(t) ~ t(a®W2[24k + 2k) — Cy+ 7, [t and is the asymptote of v,(t) for P, > F.. The asymptotie
theory is useful only for large ¢, e.g. £ > t, (see text).

are both large. Their theory should be remarkably accurate for many solutes
dispersing in liquids, although perhaps not for the dispersion of a buoyant con-
taminant in a laminar flow of gas. In brief, Erdogan & Chatwin selected for their
model exactly those terms which are most important in describing the dispersion
of buoyant solutes in solvents.

Tt seems worthwhile to describe the behaviour of vy(¢) at large times by sketch-
ing it at two representative values of the Péclet number P. First consider dis-
persion when the Péclet number P, is small, with 0 < P, < F,. For small P, both
Reejhsinghani et al. (1966) and Erdogan & Chatwin (1967) argue that mean
axial spreading due to density currents is of more significance to the dispersion
process than increased cross-sectional mixing (which reduces the dispersion).
If this is true even for transient times, the constant 2(Pa)? @ 0/f0.9 in (5.5)
should have a positive value, say, ¢;, when P, < P,. Also the O({~1) term is negative
for 0 < P, < P, and equal to —v,/t, say. In the second instance, consider a flow
with a Péclet number P, greater than P,. Then the arguments of the last-cited
authors suggest that 2(Pa)?£G9/f39 is negative and equal to —c,, say, whilst
the O(t™1) term in (5.5) is positive and equal to y,/t. A schematic representation
of v,(t) for these two situations is given in figure 1.

It is difficult to estimate the range of times for which the present theory is
applicable. Chatwin (1970), in his study of dispersing passive solutes in Poiseuille
flow, suggested that an expansion of the form (5.5) represented v,(f) to greater
than 959, accuracy when ¢ > f,, where the non-dimensional time «¢,/a® is 0-25
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approximately. Presumably a similar range of validity holds for the case of
buoyant solutes.

In conclusion, one further comparison may be made between parts 1 and 2.
The coefficient functions C given in table 2 show that buoyancy effects first
modify the profile for C(r,d, X) in the O(T-*) terms, and the profile for C(X)
in the term 7'-5$)(X). This term satisfies an equation which is very similar to
the equation (3.10) in part 1 for 2(X). Thus the theories predict a similar density
modification to the profile C.

The author acknowledges with gratitude that the research for this paper was
carried out mainly during the tenure of a C.S.1.R.O. Postdoctoral Studentship
at the University of Cambridge. Also, he is grateful to Dr P. C. Chatwin and Prof.
J. 8. Turner for their constructive comments on a preliminary draft.

Appendix
Al. The coefficients u™ and v™, n > 3

A stream-function approach is inappropriate for terms O(T-") for n > 3, and
the first instance of this failure may be seen by considering (2.25) with n = 3.
[In this case, the term w® is known from (3.15) to be non-zero, and so (2.25)
cannot be satisfied using a function with properties analogous-to (3.3).] To
avoid this problem, one of the velocity components »™ and ¥ may be eliminated
from (2.21), (2.22) and (2.25) in favour of the other to obtain a single equation
with known inhomogeneous terms. For example, if v is eliminated, the equation
for u™ takes the form

4 [o2 3 4 2
{r‘la +6r36 +r2(2—i——+5-a—)+r(2~—a———z)+—3—+2-a-aﬁ—z+1}u(”)

ort ord o62or: or? o02or or] 004
_ e @ R 28 /[ 8 A I
{302 arag " )} ?{‘23702‘5&(’37(’)) woe T }“’ :
where 4 and B are defined by

onz? .
= —}M(n—-2)ur-d_3M Xu(ﬁ—z) + w0y 4 P p w(a)u(Xn—l—a) -7 u(fc‘}z
=1

n—1

+0o Z (u(.’f)u(:’—ﬁ + ;1 v(.’f )u(g—f) — _:'. v(j)r”(’n—.’f)) + _Rao(‘n) cos 6
j=1

and

B = —iM(n—2)vr2-1 iM X,U%—Z) + w(O)v(n_l) + P, E w(g)v(n—1—7) ~ 53¢ ,U(n-Z)
j=1

+o i (um,,(;»—n _,_rl V=N 4 % u(f),,wn) — RaC™sgin 6.
=1

This equation may be solved for 4 and the continuity equation (2.25) then
gives v,
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A2. The important functions in table 1
Some of the functions mentioned in table 1 are listed below. The remaining
functions are unimportant since they lead to zero cross-sectional means in the
equation for 9 (see §A4).

aR 1
= i fQ (6 G 2
k() p fx2304(r 6rt 4972 —4),

1
ky(r) = D=7+ 6rt— 91+ 4] + 1oz, [P x [5r4 — 10174 5]

aR 1
23047 X

1 10 150
v} - — paaiig 6
+2————764800fx?x[(9+ ) (75+ )r8+(250+ )
-(450+50) 4+(405—ﬂ’) (139—§)]},
(o8 (o8 (o8

L1 1, 7, 25, 65, 23
) £Q gl g a8 T 7y Y 34
les(r) = ( ) % fXX{737280P2( MR L A S A ’)

11 35 4396
= 17 _ 40r15 0p18 2277 11 9_ 7
+ > 179200(576)% \1 ( 17— 40r15 4 33 = 111+ 30831 6930r

23 170 0907 i1 1 1541 1
+ 3 ) ( ) %(rs_r)”

3 — —-—
g 8320 e 576 3840P% | (576)2403200 5

1(r) _.——f“) 530 4(7r6 3014 + 2712 — 4),

192P2

170 1275 2850
—_— fQ Z_" )10 Pinaiig —_—
+2764800fyx[ (99+ )r +(675+ ) (1750+ )r°

+( 2650) r4—(1215+8;40) r2+(139——5)]’,
o o o

= P 1 1 3 1 1 9 7 5 3
ml(r) —-aR;f(X) [S—PE(—T +r)+4—@§6;(r — 10774 30r —40r +197’) ,

I(r) = aR{23104fX?[7r6 30r1+ 272 — 4]+ fO[—rt+6r2-5)]

P 1
m3(’l') = - (och(” 0_2 {m [— 47‘10 + 357’8 — 1007'6 + 1307'4— 807'2+ 19]

1
—_ 18 _ 144 0r12—17 104 078 — 5544019
(576)2358 00[351‘ 640r 4620r 584r 3983 55440

11 1541
4 __ 2 2 __
+46340r% - 21 280r% + 4119] + (576 = 3840P% T (576)2403 2000') (r 1)"

7®(X) satisfies

ix =" (aBRfR) {576 X 960P2+ (576)* 100800" '
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A3. The functions g=-9(r,0,X),r > 4,8 > 2

The functions g&? and ¢®? are defined by (3.25) and (3.26). The functions
g&D, g9 gnd g3 referred to in (3.27) are defined by the problems

1 oD 4, 1) _ 0@ 1) _ @ @@ _ o(2y(0)3)
—— {7 =W D — — g — g
- 67'( o ) g gt — g 0g®D — g@huOg®,

- —_— ®
V262 = 10D _30p@2 ¢ % (wDg® — By ®) 4 gu® %_,

o dg® dg® 994 6g<4 %!
2+(5,8) — . 2/(® () MG AN ) Dl (0) —
Vit = pw ”(“ @ " dr)+w oX oX

Also, C® has the form

CO® = goI(r) fRx x5 x +9¢2r, 0, X) fRxx +9%(r, 0, X) fRx +99r, 0, X) fR
OV Rxx + 05,6, X) f D+ 95007, 0, ) Y
gD Lo+ 040, 0, X) fQ +g0 L + O+,

where the functions gD, ..., g®% are defined by

39(6, 1)
-5 (r ) = wOgE D 705D — (4 1y 0@ _ g@ 0@ _ g2y, @@ D,

2 6,9) __ N S W o 93 — o 39(4’ 1) . ag(fla 1)
Vg(;2)__w( )g(, )_w( )g(, )+_P_(w( g()_w( )g(3))+g' u()ﬁa _..u().__.a
r r

g
— g 0@ — g (w“’)g“’ 94 5 w(z)g<2)) ,

__a'(s‘z')‘ 2 9942
w0 g

_— - 5,2)
V2g6.9) = 1069 _ 0y, 3) +% (WG — yBg®) 4 @ ag(X -

oX P? oX
+o (u(‘” dg 2o dg( ) —g® (2w‘°’ 3931;) +(173 33@;(; g2+ ou® %7?) ,
4o (u(2)_3_%(‘:_2) - u<2>€%(:_2) +;1 (@ ag;; ? _ 39@‘2 )+ @ ag; ) —u® g(r 2))

In these equations, the g&-» have the same form as the corresponding funetions
found by Chatwin (1970) for a passive marker, and only g2 and g9 affect the
equation for Y (see §A4). These functions have the form

5529600

200 285 256 1
- 27 pubidg R G 3_
(650+ pe )r +(600+ po ) (340+ ) }+192P2( 7>+ 3r 4r)]

g4 2(r,0, X) = aRfP cos@[——}——-— {(10+%_) rll—(105+?) r9+(375+7—5) 77
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and
1 11 27 63
6,4) (1) 12 _ =
ge2(r,0, X) = (2Rf%) [ (576)2P2{ (16+800') (40+4()Oa')
93 45 55 13 327 21
4} - 4 —_— 2 —
+’8(32+64a) s (8 e )+ (9+160 ) - (6+160')

+ 139+ 2969 + 1 wf 1 + 1 + 1
112 112000 32(576)2 " \4320 " 132000 " 103680002

PV S ”
25660 ' 128000 ' 44800
) g

320 33
2 2240 ' 56000 ' 1568002
X (259 263 157 (553 37 569 )
+r12 + + 0

1920 796000 T 1440002) ~ " \1600 T 2000 " 1600002

1129+ 2033 + 99 251+ 4901 + 331
1920 96000 128002 360 144000 288002

91 287 22399 17 16 24743
+rd

160 T 8000 T 2016000%) ~ " \60 T 755 © 2035005%

15343 508917 5852377
302400 T 120060000 | 50803200002

+fune. () cos 8 + fune. (r) cos 26.

A4. The full equation for )
The term & (X) satisfies the equation

& _d
(dX2+X +5) o

3

2 o 2 S PrcR)
=3/ ¥xxx [w(o)g‘“' W+ 5wy 1’] +37fRxx [w(o)g(s R

—_— ag s 1
(3@ @
+ P wge 4+ ou o

L2 =
= f (0)(6, 2) (0) — (P4 2 @2
0g® 0g5® 1 3559 gD o oD
@Y @7 = @ (0) —
+"(“ or +{u ot m ek [ Xt

oX
g (ws)ai“"f_’ 102?092 @ 1 . 39‘5 9
or r o0 or or r
+

2 — a
@ 0769+ 2 o® | 1. 2 r@ TaB . o0 29
f [w g Tty ]J”fox[w gt ex tp

83 2) 20%2 1 @,2)
+== f(zg[ w® gA (u(‘l)a—ag;—+{u(2) %r +;v(2)agae })]

(3)g(2) +0o u® L g( ]
or

2 o 2 ag(4y2) ag(z)
= @ 04,2 1 — @@ | 1= = @ | 10 L ___ 87 __
+fo)x[w g2 + 5wy ]+Mfﬁg[w o T o 87']'
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Here, many terms can be seen to vanish since they are the zero cross-sectional
means of terms of the form func. (r) cosnf. A simple argument based on the
definition of the stream function 1¥®(r,d, X) [(3.3) and (3.4)] shows that the
terms included in the curly brackets give no contribution.
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